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D E V E L O P M E N T  O F  S M A L L  P E R T U R B A T I O N S  
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P re sen t ly  the l inea r  theory  of s tabi l i ty  of p l ane -pa r a l l e l  f lows of a c o m p r e s s i b l e  fluid has  been r a t h e r  
well  developed [1]. Flows encountered in p rac t i ce  a re  nonuniform in space  as a rule .  Often one can as sume  
this  nonuniformity  to be weak (for example ,  the flow in a boundary layer ) .  In r ecen t  y e a r s  s eve ra l  a l te rna t ives  
have been  developed fo r  the construct ion of a solut ion when the average  p a r a m e t e r s  of the flow va ry  weakly in 
some  d i rec t ions .  The f i r s t  theore t ica l  r e su l t s  fo r  a boundary l aye r  of i ncompres s ib l e  fluid which take account 
of nonpara l le lness  of the f low were  obtained in [2, 3]. An exper imenta l  check of the conclusions obtained in 
those pape r s  was  p e r f o r m e d  in [4]. The development  of per tu rba t ions  in a supersonic  boundary l aye r  with non- 
pa ra l l e lnes s  taken into account was d iscussed  theore t ica l ly  in [5-7]. Two-dimens ional  pe r tu rba t ions  were  
t r e a t ed  in [5], and per turba t ions  of a more  g e n e r a / k i n d  were  t r e a t e d  in [6, 7]. These  pape r s  give significantly 
di f ferent  r esu l t s  fo r  the ve ry  s a m e  conditions. Thus,  a s t rong  effect  of nonpara l le lness  on the s tabi l i ty  c h a r a c -  
t e r i s t i c s  is obtained in [6], but a weak effect  is obtained in [5, 7]. There  are  no exper imenta l  pape r s  fo rmula ted  

Novosib i rsk .  T rans l a t ed  f r o m  Zhurnal  Pri ldadnoi  MekhaniM i Tekhnicheskoi  Fiz iki ,  No. 3, pp. 98-102, 
May-June,  1982. Original ar t ic le  submit ted  April  16, 1981. 

398 0021-8944/82/2303-0398507.50 �9 1982 Plenum Publishing Corpora t ion  



with the purpose of checking the conclusions of the theory.  One of the fundamental achievements of the theory 
which takes into account nonparal lelness  of the flow in a boundary layer  consis ts  of the fact  that it has proven 
possible to calculate the dependence of the degree of growth of the per turbat ions ~i on the coordinate ~ normal  
to a s t reaml ined  surface.  Measurements  are  made in [8] of the degree of growth of perturbations for  three 
values of ~ wi th the  Mach number  M = 2.2. These measurements  show that nonparal lelness of the flow affects 
the nature of the development of the per turbat ions ,  but it is impossible to draw any kind of conclusions even 
about a qualitative agreement  of theory  and experiment .  The dependence of the growth coefficients on the t r a n s -  
ve r se  coordinate seems more  convenient for  compar ison  of theoret ical  and experimental  resul ts .  The problem 
is also posed in this paper  of per forming such measurements  and comparing them with calculations made on 
the basis  of the approach developed in [7]. 

1. The experiments  were conducted in the T-325 wind tunnel of the Institute of Theoretical  and Applied 
Mechanics of the Siberian Branch of the Academy of Sciences of the USSR [9] with a c ro s s  section of the 
working sect ion of 200 • 200 m m  in the case of the unit Reynolds number  Re i = 5 �9 106 m -i  at a Mach number  
M = 2 .  

The measurements  were pe r fo rmed  in the boundary l aye r  fo rmed on a steel p la te  (the same one as in 
[10]), which was exposed at zero  angle of at tack i n t h e  central  plane of the working section of the wind tunnel. 
The leading edge of the plate is tapered so that the blunt radius is less than 0.02 ram. 

The development of the per turbat ions  was recorded  with the help of a TPT-2  cons tan t -cur ren t  t he rmo-  
anemometer  [11]. Resis tance un_ifilar detectors  made out of gold-plated tungsten with a wire d iameter  of 6 pm 
were used. 

The experimental  p rocedure  is s imi la r  to that of [8, 10]. With the maximum value of the longitudinal 
coordinate x measured  f rom the leading edge of the plate downstream the the rmoanemometer  detector  was 
exposed at some distance f rom the plate surface,  and the dimensionless  Blasius coordinate ~ = {y/x)Re was 
calculated, where Re = (Relx}i/z. Then the de tec tor  was moved upward through the flow so that the average 
voltage in the diagonal of the the rmoanemomete r  bridge E was kept constant (by vir tue of movement  in the y -  
coordinate);  the detector  was moved along a line of equal veloci t ies  and tempera tures  and was in a state of 
constant sensitiviW. 

In connection with the movement of the detector ,  the the rmoanemomete r  signal was recorded  by a video 
tape r eco rde r ,  and then an ampl i tude - f requency  analysis of the recording  was made, which permit ted  obtain- 
ing the growth curves  of the perturbat ion of a specified frequency f, i.e.,  the dependence of the mean square 
voltage oscillations on the wire of the t he rmoanemomete r  detector  on the longitudinal coordinate (ef) = ~(x). 
For  a control,  the the rmoanemomete r  signal was fed in paral le l  with the tape r e c o r d e r  to a spec t rum analyzer ,  
and the growth curve of the per turbat ions  for  one of the frequencies  was constructed direct ly in the exper i -  
ment. 

The growth coefficients of the per turbat ions  ~i were determined for x = 100 mm from the relationship 

at ---- - -0 .5d( ln(es)) /dRe.  

For  this the growth curves  were measured  in the interval f rom x 1 = 90 mm to x 2 = 110 mm with a step of 2.5 
mm. A second-o rde r  approximating curve was constructed f rom the points obtained using the method of least  
squares ,  and the value of the derivative at the point x = 100 mm was calculated. 

2. The calculations were pe r fo rmed  for  a boundary layer  on a fiat heat- insulated plate at M = 2.0 in ac-  
cordance with the experiments  which were conducted. The tempera ture  law of the  viscosi ty  was adopted f rom 
Satterland, the adiabatic index 7 = 1.4, and the Prandtl  number  a = 0.72. Since the flow in the boundary layer  

is se l f - s imi la r ,  the dimensionless coordinates ~1 = y/6(x),  ~= S dxl6 (x), ~ = U . z / v , ,  "~ = Us  were introduced, 
0 

where 5(x) = ] / ~  A solution for  the per turbat ions  was sought in the  form q =q0(~, ~) exp[o(~,  ~, r ) ] .  
A special ly developed procedure  [7] permit ted determining the logari thmic derivative of q with respec t  to 
and thereby the growth rate of the per turbat ions 

ai = Real {0~ -~ (llqo)dqo/d~}. 

By vir tue of the fact  that q0 is a function of 7, the growth rate  also depends on the t r ansve r se  coordinate.  In 
addition it is different for  different per turbat ion p a r a m e t e r s  (for example, see [5]). 
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Let  us d i rec t  our  attention to the following fact .  A solution q0 is being sought as s i m i l a r  to the eigenfunc-  
t ion of the theory  of the p l ane -pa ra l l e l  approximat ion  which depends on f requency and the wavelengths in the 

and ~ di rec t ions ,  i .e. ,  on @r '  |  and Re 0~ .  In expe r imen t s  with natura l  pe r tu rba t ions ,  the f requency | 
is comple te ly  de termined.  In o r d e r  to de termine  the four  additional p a r a m e t e r s  (the imaginary  and rea l  pa r t s  
of 0~ and | one ms  use of the complex d i spers ion  re la t ionship .  There fo re  two more  conditions a re  nec -  
e s s a r y  fo r  complete  de t e rminacy  of the p rob l em.  In the case  of na tura l  pe r tu rba t ions  the re  is no growth in 
the z direct ion.  There fo re ,  i t  w a s  a s sumed  in the calculat ions that Real(Re | ~) = 0. The re la t ionship  

Im(ReO 0 := lm(O~)tg X 

was adopted as t h e  l as t  condition, where  X is the angle of the propagat ion  direct ion of the pe r tu rba t ions .  Since 
X was not m e a s u r e d  in the exper iment ,  the calculat ions were  p e r f o r m e d  fo r  s eve ra l  values  o f  X. 

3. A compar i son  of the neut ra l  curves  (the condition ~i = 0 is  sa t i s f i ed  fo r  them) obtained in this pape r  
fo r  y/6 = 0.5 (Fig. 1, points 1) with the r e su l t s  of [12] (continuous curves  obtained by averaging  a la rge  number  
of expe r imen ta l  points) is  p r e s e n t e d  in Fig.  1. Here  6 is the th ickness  of the boundary l aye r .  The l e t t e r s  de -  
note the following: a) neut ra l  curve  produced by the interact iou of sound emi t ted  by the turbulent  boundary l ay -  
e r  of the working  sect ion of the wind turmel with the boundary l aye r  of the model  (see [1] fo r  m e r e  detail); b) 
lower  b ranch  of the curve  of neu t ra l  s tabi l i ty;  and c) upper  branch  of the curve  of neut ra l  s tabi l i ty .  Good a g r e e -  
merit of the data is obtained. 

Data  obtained fo r  y / 6  = 0.7 (points 2) a re  a lso  p re sen t ed  in Fig. 1. They a re  in good ag reemen t  with the 
r e su l t s  of m e a s u r e m e n t  of the neutra l  cu rve  (dashed Curves)  p re sen ted  in [8] (M = 2.2, y / 6  = 0.7-0.8).  

F o r  y / 6  = 0.5 the pe r tu rba t ions  in the boundary l a y e r  r each  m a x i m u m  values  and the range  of unstable 
f requenc ies  is a m a x i m u m .  The instabi l i ty region on the outer  edge of the  boundary l a y e r  bounded by the neu-  
t r a l  cu rve  becomes  apprec iably  n a r r o w e r .  This dec rea se  in the ins tabi l i ty  region fo r  y / 6  = 0.7 is one of the 
indications of nonpara l le lness  of the flow in the boundary l aye r .  

~. is caused by the fac t  that  as the Reynolds number  i n c r e a s e s  the dis t r ibut ion of the pe r tu rba t ions  r e p -  
resent ing  the na tura l  osci l la t ions is de fo rmed  in the boundary l ayer  (per turbat ions  of the Toulmin-Sch l ich t ing  
wave type) so  that the m a x i m u m  of the pe r tu rba t ions  is shif ted towards  the su r face  of the s t r eaml ined  body. 
This was noted a l ready in [8]. The fact  that  the posi t ions  of the f i r s t  m a x i m u m  (curve a) for  y/5 = 0.5 and 
0.7 agree  is m o r e  in te res t ing ,  and one can conclude that  nonpara l le iness  of t he  flow does not affect  the posi t ion 
of the neut ra l  point f o r  sonic pe r tu rba t ions .  

The theory  developed in [7] t akes  into account the effect  of nonpara l le lness  of the flow on the development  
of na tura l  osci l la t ions of the boundary l a y e r .  The in teract ion of sound with the boundary l aye r  weakens as the 
Reynolds number  i n c r e a s e s ,  but the na tura l  osci l lat ions grow and make  the main contr ibution to t he  t h e r m o -  
a n e m o m e t e r  s ignal  at la rge  values  of Re. The re fo re  the m e a s u r e m e n t  of the growth coefficients  of the p e r -  
tu rba t ions  was p e r f o r m e d  at a suff icient ly la rge  Reynolds number  Re = 648 in o rde r  that  one could neglect  
sound. The exper imenta l  values  of ~i (points 4) a re  given in Fig.  2 for  di f ferent  ~ with F = 0.38 ' 10 -4 and 
Re = 648. The dependence of the growth coeff icients  of the per turba t ions  of the m a s s  flow ra te  a i  on the t r a n s -  
v e r s e  Blas ius  coordinate  was calculated fo r  propagat ion  angles  of the per turba t ions  of X = 60, 42, and 30 ~ 
F = 0.38 �9 10 -4, and Re = 640 (numbers 1-3 on Fig.  2, r espec t ive ly) ,  The m e a s u r e m e n t  resu l t s  a re  in qual i ta -  
t ive ag reemen t  with theory  and quanti tat ively c loses t  of all to the calculat ions for  X = 42~ 

One should note that the propagat ion  angle of the per tu rba t ions  was not control led in the exper imen t s  with 
natura l  pe r tu rba t ions .  Measu remen t s  conducted e a r l i e r  [13] have shown that  in f r ee  flow through the working 
sec t ion  of the T-325 wind tunnel pe r tu rba t ions  a re  caused by na r rowly  d i rec ted  radiat ion f r o m  the turbulent  
boundary l aye r  at the walls;  f o r  M = 2.0 the radia t ion angle is  equal to 42 ~ 

It has  usual ly  been as sumed  when compar ing  theore t ica l  calculat ions with the expe r imen ta l  data fo r  na t -  
ura l  pe r tu rba t ions  (where the propagat ion  angles a re  known) that  per tu rba t ions  growing at the m a x i m u m  rate  
a re  p r e s e n t  in the l a m i n a r  boundary l aye r .  Evidently this  is  inadmiss ib le  fo r  wind tunnels.  If the radiat ion is 
na r rowly  d i rec ted  and the radiat ion angle is l e s s  than the angle cor responding  to per tu rba t ions  growing at the 
m a x i m u m  ra te ,  then waves  emanat ing f r o m  the side (with r e s p e c t  to the model) walls and the c o r n e r s  can cause 
oblique compara t ive ly  slowly growing pe r tu rba t ions  of sufficiently g r e a t  intensity,  which may  be the cause of 
the t rans i t ion.  Under our conditions per tu rba t ions  with a propagat ion  angle of 42 ~ may  be such per tu rba t ions .  
At p r e sen t  t he re  is p rac t i ca l ly  no exper imenta l  informat ion on the propagat ion  of oblique per tu rba t ions  in 
supersonic  boundary l aye r s ,  and the formula t ion  of the appropr ia te  expe r imen t s  s e e m s  to be the mos t  i m p o r -  
tant p rob l em.  
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The dependences of the growth coefficients  of per tu rba t ions  on the f requency  p a r a m e t e r  a r e  given in Fig.  
3 for  two values  of y / 6 .  T h e  exper imenta l  points a re  obtained fo r  Re = 648, and the theore t ica l  c u r v e s  a r e  
ca lcula ted  fo r  Re = 640 and X = 42~ 1 and 3 co r re spond  to y / 6  = 0.55, and 2 and 4 co r re spond  to y / 6  = 0.7. 
The l a r g e r  the growth coeff icients  of the pe r tu rba t ions  a re  in the l a y e r  with m a x i m u m  osci l la t ions of the m a s s  
ra te  (y /6  = 0.55), the n a r r o w e r  is the range  of unstable f requenc ies .  

The exper imenta l  m e a s u r e m e n t s  of the growth coefficients of the pe r tu rba t ions  as a function of the f r e -  
quency p a r a m e t e r  and the t r a n s v e r s e  coordinate  quali tat ively corffirm the computat ional  r e su l t s ,  but e x p e r i -  
menta l  informat ion on the propagat ion  of oblique pe r tu rba t i c~s  in superson ic  boundary l aye r s  is n e c e s s a r y  fo r  
a more  c o r r e c t  compar i son .  
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